GEOMETRIC PROPERTIES OF UPPER LEVEL SETS OF LELONG 
NUMBERS ON PROJECTIVE SPACES 
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Abstract. Let T be a positive closed current of unit mass on the complex projective 
I space P". For certain values a < 1, we prove geometric properties of the set of points 

in P" where the Lelong number of T exceeds a. We also consider the case of positive 
closed currents of bidimension (1,1) on multiprojective spaces. 

^ ; 
>' 

U: 1. Introduction 

rH ■ 

> \ Let T be a positive closed current of bidimension on a complex manifold M. 

For a > 0, we consider the upper level sets of the Lelong numbers i/(T, z) of T, 

E^{T) = E^{T, M) = {zeM : v{T, z) > a} , 
^ ■ E+{T) = E+{T, M) = {zeM: u{T, z) > a} . 

^ ! By [11], if a > then Ea{T) is an analytic subvariety of M of dimension at most p, 

00 ' hence E^{T) is an at most countable union of analytic subvarieties of M of dimension 

p: <p. 

•/^ . If M = P" we denote by ||T|| the mass (or the degree) of T computed with respect to 

^ ! the Fubini- Study form Un on P", 



X 



ni = / T A w^ 



It is well known that ^{T^z) < \\T\\ for every ^ G P" (see e.g. [2]). Assume without 
loss of generality that ||T|| = 1. When p = 1, it was shown in PQ Theorem 1.1] that 
£^^3(T, P") is contained in a (complex) line, while E^^^lTjF"-) is either contained in a 

line or else it is a finite set such that \Ey^{T, P") \L\ = 1 for some line L. In dimension 
two, it was proved in [H Theorem 1.2] that Ey^{T,¥^) is either contained in a conic or 
else it is a finite set such that \Ey^{T, P^) \ C| = 1 for some conic C. When p = n — 1, 
i.e. when T has bidegree (1, 1), it was shown in [2, Proposition 2.2] that i?^^|.^^-^^(T, P") 
is contained in a hyperplane of P". Moreover, these values of a are sharp with respect 
to these geometric properties. 

In this paper we generalize these results to the case of currents of arbitrary bidimension 
on P". Namely, we prove the following theorems. 
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Theorem 1.1. If T is a positive closed current of bidimension {p,p) on P", < p < n, 
with \\T\\ = 1, then the set E^^^^y^^_^^~^[T,F"') is contained in a p-dimensional linear 
subspace o/P". 

Decreasing the value of a to p/{p + 1) we show that (T, P") has all but at 

most one point contained in a p-dimensional linear subspace of P". More precisely, the 
following holds: 

Theorem 1.2. If T is a positive closed current of bidimension {p,p) on P", < p < n, 

with \\T\\ = 1, then the set E^^i^^^^~^{T,F^) is either contained in a p-dimensional linear 

subspace o/P" or else it is a finite set and \E^^^^_^^~^{T,F"') \L\ = p for some line L. 

Theorems 11.11 and 11.21 are proved in Section [2l We also prove there another property of 
the set £;+/(p^^)(T,P'^) (see Proposition [23]), and we give examples of currents showing 
that the values of a in Theorems 1 1 . 1 1 and 1 1 . 2 1 are sharp with respect to the corresponding 
geometric property. 

Decreasing the value of a further to (3p — 1)/ (3p + 2), we obtain a result analogous 
to Theorem 1.2 in [Tj: 

Theorem 1.3. Let T be a positive closed current of bidimension {p,p) on P" such that 
1 < p < n, \\T\\ = 1, and the set E^r^^_^y^^^_^^~^{T,F"') is not contained in a p- dimensional 

linear subspace o/P". IfW = Span {E^r^^_^y^^^^^^{T,¥"')) then dim IV = p + l and there 

exist plane conies Cj C W and points Zj G W , 1 < j < Np, where Np = (^3^) , such that 
Zj lies in the plane containing Cj and 

^(t-l)/(3p+2)(^' P") C U . . . U U {^1, . . . , ^;vj . 

Theorem 11.31 is proved in Section [31 We note there that the corresponding statement 
does not hold for currents of bidimension (1,1). However, we give in Theorem 13.31 
a geometric description of the set ^^^^(T, P") when T is a positive closed current of 
bidimension (1, 1) on P" such that ||T|| = 1. The proof of Theorem 13.31 uses ideas from 
[21 [ini [12] related to self-intersection inequalities for positive closed currents. Using 
similar ideas, we further show in Theorem 13.41 that if T is a positive closed current of 
bidimension {p,p) on a compact Kahler manifold (X, cj), then the set Ec{T,X), c > 0, is 
contained in an analytic set of dimension < p whose volume and number of irreducible 
components are bounded above by a positive constant which depends only on ||T|| and c. 
In this case, the volumes of analytic subvarieties of X and the mass ||T|| are computed 
with respect to the fixed Kahler form u on X. 

In Section [H we study similar geometric properties for upper level sets of positive 
closed currents of bidimension (1, 1) on multi-pro jective spaces. 

2. Proofs of Theorems 11.11 and 11.21 

2.1. Proof of Theorem ll.il Let us start by recalling some terminology. If A C P" we 
denote by Span (A) the smallest linear subspace of P" containing A. We say that the 
points xi, . . . ,Xk+i G P", k < n, are linearly independent if they span a fc-dimensional 
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linear subspace of P". We say that k > n + 1 points of are in general position if any 
+ 1 of them are linearly independent. We will need the following lemma: 

Lemma 2.1. Let T be a positive closed current of bidimension {p,p) on P", < p < n, 
let a > 0, and let V be a {p + 1)- dimensional linear subspace o/P". There exists a 
positive closed current S of bidegree (1,1) on V = PP+^ such that \\S\\ = \\T\\ and 
E+{T,F^)nV C E+{S, V). 



Proof. Assume without loss of generality that ||T|| = 1. By [10], there exists a positive 
closed current T' of bidegree (1, 1) on P" such that ||T'|| = 1 and i>{T',z) = v{T,z) for 
every z G P". Demailly's regularization theorem |31 Proposition 3.7] yields a sequence of 
positive closed currents of bidegree (1, 1) on P" with ||T^|| = 1, such that each is 
smooth outside an analytic subset contained in Eq(T') and limm-j^oo ^{T^, x) = viT' , x) 
at each x e P". We write = Un + dd'^(pm for some a;„-plurisubharmonic function 
!fm on P" (see e.g. [9]). Note that by [IT], E^{T') = E^{T) is a countable union of 
analytic subsets of dimension at most p, so \ Eq{T') ^ 0. Since ipm is smooth at each 
point of V \ Eq(T') the pull-back Sm of to V, Sm = <^n\v + dd'^{fm\v)y is a well 
defined positive closed current of bidegree (1, 1) on V with ||S'm|| = 1. By passing to a 
subsequence, converges weakly to a positive closed current S of 

bidegree (1, 1) on V. Then \\S\\ = 1 and 

^{S, z) > limsup v^Sm, z) > lim v{T'^, z) = v{T' ^ z) , 

m— !>oo m^oo 

for all zeV.li follows that E+{T, P") rW d E+{S,V). □ 

Proof of Theorem \l.l[ Assume for a contradiction that dim Span (£'J^^y^p^2)(^) I"")) ^ 
p + 1, so there exist linearly independent points xi, . . . ,Xp+2 G E^^j^^yf^^_^^-^{T,¥'^). Let 
V = pp+i be the linear subspace spanned by these points. By Lemma 12. 1^ there exists 
a positive closed current S of bidegree (1, 1) on V such that \\S\\ = 1 and xi, . . . , G 
-^(p+i)/(p+2)('^' This is in contradiction to [H Proposition 2.2], which shows that 
-^(p+i)/(p+2)('5', V) must be contained in a hyperplane of V. □ 

2.2. Proof of Theorem 11.21 We prove first Theorem 11.21 for currents of bidegree (1, 1) 
on P". This is the contents of Theorem 12.31 Let an = {n — l)/n. We begin with the 
following lemma: 

Lemma 2.2. Let T be a positive closed current of bidegree (1, 1) on P" such that \\T\\ = 1 
and E^^{T, P") contains a set A = {xi, . . . , Xn+i} of linearly independent points. Then: 

(i) For every subset B G A with \B\ = k + 1, k > 1, there exists a positive closed 
current Rb of bidegree (1, 1) on Span (5) = P'^ such that \\Rb\\ = 1 one? £'+^(T, P") fl 
Span (B) cE+^{Rb, Span (B)). 

(a) _E+^(T, P") C Ui<j<fc<n+i -^jfc' where Lj^. is the line spanned by Xj and x^. 

Proof, {i) It suffices to prove {i) for k = n — 1. Then we apply this inductively to obtain 
the result for arbitrary k. Assume without loss of generality that B = {xi, . . . , x„} and 
let H be the hyperplane spanned by B. Siu's decomposition theorem [11] implies that 
T = a[H] + R, where [H] denotes the current of integration along H , < a < 1, and R 
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is a positive closed current of bidegree (1,1) on P" with generic Lelong number along 
H. We have 

1 — a = \\R\\ > ^{R, Xn+l) = l^(T, Xn+l) > dn , SO O < 1 — • 

The current R' = R/{1 — a) has mass = 1, generic Lelong number along H, and 
if z e E+^{T, P") n H then, since a < 1 - a„, 

iy{T,z)-a an-a 2an-l 

(1) u{R,z} = — >- > = «n-l- 

i — a i — a an 

By [3^, Proposition 3.7] there exists a sequence of positive closed currents R'^ of bidegree 
(1,1) on P" with analytic singularities, such that \\Rm\\ = 1, ^{.R'm^x) < i'{R',x) and 
limm^oa u^R'^, x) = h'{R',x) for all x G P". It follows that R'^ is smooth at each point 
of H outside an analytic subset of H, so the pull-back R'^^Ih of R'm ^ well-defined. 
Arguing as in the proof of Lemma [2. II we obtain the current Rb that verifies the desired 
properties as a weak limit point of {-Rm|^}. 

(m) Let Hj denote the hyperplane spanned hj A\ {xj}. We show first that 

n+1 

(2) <(r,P")C U^.- 

i=i 

Assume that there exists x„+2 G E^^{T, P")\ljj=i Hj and choose Xq G P"\{xi, . . . , Xn+2} 
so that the points xq, . . . , Xn+2 are in general position and i/(T, xq) = 0. By [3l Proposi- 
tion 3.7] there exists a a positive closed current T' of bidegree (1, 1) on P" with analytic 
singularities, such that ||T'|| = 1, t^(T', xj) > an, j = I, . . . ,n + 2, and T' is smooth near 
Xq. Let C be the unique rational normal curve passing through the points Xq, . . . , Xn+2 
(see [H p. 530]). It follows by [1] and [H] that the measure T' A [C] is well defined, 
where [C] denotes the current of integration along C. Since C has degree n and using 
[H Corollary 5.10], we obtain 

/n+2 n+2 
r A [C] > V r A [C] {{x,}) > V u{T', x,) u{[C],x,) > {n + 2) an, 
j=i 3=1 

a contradiction. This proves ([2]). 

Let now Bj = A \ {xj}. Applying ([2]) to the current Rb^ given by (z) we obtain 

n+1 

E+(T,P")ni7, Ci5;+„^(i?B,,i^,)C U Span(A\{x„Xfc}). 

fc=i,fc5^i 

Together with ([2]) this implies that 

<(r,P'^)c U Span(A\{x„xJ). 

Repeating this argument inductively yields {ii). □ 
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Theorem 2.3. If T is a positive closed current of bidegree (1, 1) on P" with \\T\\ = 1, 
then the set i?+^(T, P") is either contained a hyperplane or else it is a finite set and 
\E+^{T, P") \Lf=n-l for some line L C P". 

Proof. If E^^{T,F") is not contained in a hyperplane then dim Span (£'+^(T, P")) = n 
and there exists a set of hnearly independent points A = {xi, . . . ,x„+i} C -E^^(T, P"). 
Let Ljk denote the hne spanned by Xj,Xk. 

If (T, P'^) = A then (T, P") \ L12 1 = n - 1 and we are done. Suppose that there 
exists X G E^^ (T, P") \ A. By Lemma 12.21 we have, after relabeling points if necessary, 
that X G L12. 

We show that E^^{T,F^) G AU L^. Assume for a contradiction that there exists 
y G E+jr,P") \ (iu L12). Then y G Ljk for some 3<j<k<n+l. Indeed, 
if ?/ G Lik or if ?/ G L2k, k > 3, then let B = {1,2, A;} and Rb be the current on 
Span (5) = P^ provided by Lemma [2^ Then {x,y,xi,X2,Xk} C E^^^^RbjF"^), and 
the set {x,y,Xi,X2,Xk} has at least two points outside each complex line. This is in 
contradiction to [Ij Theorem 1.1]. Hence after relabeling points if necessary we have 
that y G L34. 

Consider now the set B = {xi, X2, ^3, X4} and the current R = Rb on Span (B) = P^ 
given by Lemma |2?2| so {x, ?/, xi, X2, X3, X4} C Ey^{R,F^). If Vi = Span ({x2, xs, X4}), 
V3 = Span ({xi, X2, 2:4}), we write, using [11], R = a[Vi]+b[V3]+R', where R' has generic 
Lelong number on U V3, ||-R'|| = 1 — a — b, and 

2 2 2 

u{R', xi) > --b, u{R', X3) > - - a , u{R', xj) > - - a - b , j = 2,4 , 

2 2 
u{R', x)> --b, u{R', > - - a . 

Note that a + b < 1. By ^ Proposition 3.7] there exists a positive closed current 
with analytic singularities S of bidegree (1, 1) on P'^ with \\S\\ = 1 — a — b and such 
that the Lelong numbers of S satisfy the same inequalities as those of R' at the points 
x,y,xi,X2,X3,X4. Moreover, 5* is smooth at each point where R' has Lelong number. 
Let Ci be an irreducible conic in Vi passing through X2, X3, ?/ and a point Wi G Vi where 
v{R',wi) = 0. Let C3 be an irreducible conic in V3 passing through and a point 

W3 G V3 where z/(i?', 1^3) = 0. Then the measures S A [Cj], j = 1, 3, are well defined and 

r ^ 

4(1 - a - 6) = / SA {[Ci] + [C3]) > u{S, x) + u{S, y) + V i^{S, xj) >A-Aa-4b, 
a contradiction. 

We conclude that E+JT,P") C A U L12, hence |E+JT,P") \ L12I = n - 1. If 
-B = {xi,X2,X3} and Rb is the current on Span (5) = P^ given by Lemma 12.21 then 
E+JT,P") n L12 C E+2(^i?,P^)- By [1, Theorem 1.1], the set ^+2(^5,!"^) is finite 
since it is not contained in a complex line. It follows that i?^^(T, P") is a finite set. □ 



Theorem 1 1.21 for arbitrary p follows at once from Theorem 12.31 and the next proposition. 
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Proposition 2.4. Let T be a positive closed current of bidimension {p,p) on P", < p < 
n — 1, with \\T\\ = 1 and such that ^^^^^^^^^(T, P") is not contained in a p- dimensional 

linear subspace o/P". If W = Span (ii^^|.p_|_^j(T, P")) then dimly = p + 1 and there 
exists a positive closed current R of bidegree (1, 1) on W = pp+^ such that \\R\\ = 1 and 

Proof. By hypothesis dim W > p+1. Assume for a contradiction that there exist hnearly 
independent points Xi, . . . , G E^^^^_^-^s^(T, P"). Let U = Span ({xi, . . . , Xp+2}) and 
pick y E U so that the points Xi, . . . , Xp+2, y are in general position in f/ = P^'+^. We 
will construct a positive closed current S of bidegree (1, 1) on U such that \\S\\ = 1 and 
{xi, . . . , Xp+2, y} C i?^^p^^j(S', U). By Lemma 12.21 (u), ?/ must lie in a line spanned by 
some Xj,Xk, 1 < j < k <p + 2. This contradicts the fact that the points xi, . . . , Xp+2, 
are in general position in U . The construction of S is as follows. Choose a sequence 
of points ym & W \ U such that — )■ ?/. Then the points xi, . . . , Xp+2, i/m are linearly 
independent. Let Fm be an automorphism of P" such that Fm{xj) = Xj, 1 < j < p + 2, 
Emixp+3) = ym and set = (Fm)^T. These are positive closed currents of bidimension 
(p,p) on P" with ||T„|| = 1 and iy{Tm,Xj) = v{T,Xj), 1 < j < p + 2, v{T^,y^) = 
uiTjXp^s). By passing to a subsequence we may assume that coverge weakly to a 
current T'. Then ||T'|| = 1 and by [1], 

z/(T', Xj) > lim sup u{Tm, xj) = u{T, xj) > ^ , 1 < j < p + 2 , 



^{T', y) > lim sup z/(Tm, ?/„^) = z/(T, Xp+3) > 



p+l 
p 



p+l 

Now Lemma [2.11 applied to T' and U with a = + 1) yields the desired current S. 

Hence we have shown that dimly = p + 1. Lemma 12.11 yields a positive closed 
current R of bidegree (1,1) on W = ¥p+^ such that = 1 and E+(p^^)(T, P") = 
Ep/(p+i)iT, P") n ly C W) and the proposition is proved. □ 



2.3. Remarks. We start with some examples showing that Theorems 11.11 and 11.21 are 
sharp. Let < p < n and A = {xi, . . . , Xp+2} be a set of linearly independent points of 
P". We set Vj = Span {A \ {xj}) and denote by Lj^ the line spanned by Xj, Xk- 

Let Ti = -p^ Sj=i l^j] ■ Then ||Ti|| = 1 and -E'(p+i)/(p+2)(^i) P") = ^ is not contained 
in a p-dimensional linear subspace of P", so the value a = {p + l)/{p + 2) in Theorem 
II. H is sharp. 

If p = 1 the value a = 1/2 in Theorem 11.21 was shown to be sharp in [Ij. Assume 
that 2 < p < n — 1, choose points x G L12 \ A, y E L34 \ A, and let V^, resp. Vy, 
denote the p-dimensional linear subspace of P" spanned by {A U {x}) \ {xi,X2}, resp. 
by {A U {y}) \ {x^, X4}. Note that 

{x, y} C K- nVyC] Vj for j > 5 , {xi, Xa} cVy\V^, {xs, X4} cV^\Vy, 
xeiVsH V^) \ (Vi UV2),ye (Vi n V2) \ (Vs U V^) . 
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It follows that the bidimension {p,p) current 

has mass IIT2II = 1 and z/(T2, x) = z/(T2, y) = h'(T2,Xj) = p/{p + 1), I < j < p + 2. Thus 
^p/(p+i)(T2,P") D AU {x,y}, so |Ep/(p+i)(r2,P") \ L| > p + 1 for every line L C P". 
Hence the value a = p/{p + 1) in Theorem 11.21 is sharp. 

One can construct a positive closed current T3 of bidimension {p,p) on P" with ||T3|| = 
1, for which E^^^^_^^-^ (T3, P") is a countable union of linear subspaces of dimension at most 
p — 1 contained in a p-dimensional linear subspace of P". Indeed, let V, V^, j > 1, be 
distinct p-dimensional linear subspaces of P" such that V CiVj ^ ^ for all j, and set 



CXI 

v+l^ ^ p+l ^ ^ 



p + 1 p 

Finally, given any k > 2, one can construct a positive closed current T4 of bidimension 
{p,p) on P" such that IIT4II = 1, \E+^^^^^{n,r)\L\ = p and \E^^^^^^^{T^,F^) n L\ = k, 
for some line L. Indeed, pick distinct points yj G L12 \ {xi,X2}, 1 < j < k — 2, and let 
Wj = Span {{yj, Xg, . . . , Xp+2})- If < e < let 

p+2 / k—2 

Then ||T4|| = 1 and 

p — e I + e p 1 — (k — l)e p 
u{T4,xi) = y[Ti,X2) = J^{Ti,yj) = — — - + —, — —r = — — H —, — . > 



p+1 k{p + 1) p+1 k{p + 1) 

iy{T4, Xj) = -— — — + — - = — - + > — - , J > 3 . 

p[p + 1) p+1 p+l p{p + 1) p+l 

Hence T4 satisfies the desired properties with L = L12. 

We conclude this section by showing the following property of the set E^^^p_^_^^(T, P"): 

Proposition 2.5. Let T be a positive closed current of bidimension {p,p) on P", < 
p <n, with ||T|| = 1, such that the set ^'^^.^^-^-^(T, P") contains the linearly independent 
points xi, . . . , Xp+i. IfV = Span ({xi, . . . , Xp+i}) and c is the generic Lelong number of 
T along V then c > 0. 

Proof. Assume that c = 0. Applying [TU] and [3^, Proposition 3.7] as in the proof of 
Lemma [2. II we obtain a positive closed current S of bidegree (1, 1) on P", with analytic 
singularities, such that \\S\\ = 1, u^S, xj) > p/ {p + 1) for 1 < j < p + 1, and S is smooth 
at each point of = P^ outside an analytic subset of V. Then the pull-back R of S 
to V is well defined, it has unit mass and Lelong number > p/{p + 1) at the linearly 
independent points Xj. This contradicts Theorem 11.11 (or [2i Proposition 2.2]). □ 
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3. Proof of Theorem 11.31 

We prove first Theorem 11.31 for currents of bidegree (1, 1) on P", n > 3. This is done 
in the foUowing lemma. Let = (3?7, — 4)/ (3n — 1). 

Lemma 3.1. Let T be a positive closed current of bidegree (1,1) on P", n > 3, such 
that \\T\\ = 1 and -E'^^(T, P") contains a set A = {xi, . . . ,Xn+i} of linearly independent 
points. Then: 

(i) For every subset B G A with \B\ = k + 1, k > 2, there exists a positive closed 
current Rb of bidegree (1,1) on Span (i?) = P'^ such that \\Rb\\ = 1 ond i?^^(T, P") fl 
Span {B)cE^^{Rb, Span (5) ) . 

(^^) C [Ji<j<k<i<n+iPjki, where Pjm = Span ({xj, Xfc, a;;}). 

(Hi) There exist conies Cjki C Pjki and points Zjki G Pjki such that £'^^(T, P") C 

Ul<j<k<l<n+1 i^jkl U {Zjkl}) ■ 

Proof. Assertions (i) and {ii) are shown exactly as in the proof of Lemma [2. 2 [ using in 
([T]) the fact that (2/9„ — l)//3„ = and in ^ the fact that n > {n + 2) (3n implies 

n < 2, which contradicts the assumption that n > 3. 

{Hi) Let B = {xj,Xk,xi}, where l<j<A;</<n + l. By (i) there exists a positive 
closed current R of bidegree (1, 1) on Pj^i such that ||-R|| = 1 and £'^^(T, P") fl Pjki C 
E^^^{R, Pjki). Theorem 1.2 in [I] shows that there exist a conic Cjki C Pjki and a point 
Zjki G Pjki such that Ey^{R, Pjki) C Cjki U {zjki}- Hence (Hi) follows from (ii). □ 

The next proposition is proved exactly like Proposition 12. 4[ by using Lemma [3. II (ii). 

Proposition 3.2. Let T be a positive closed current of bidimension {p,p) on P" such 
that 1 < p < n — 1, \\T\\ = 1, and the set E^^^_-^y^^^_^^^{T,F"') is not contained in a 
p- dimensional linear subspace o/P". If W = Span {E'^^_^yi^^^_^^-^{T,F'^)) then dimly = 
p + 1 and there exists a positive closed current R of bidegree (1, 1) on W = PP+^ such 
that \\R\\ = 1 and i?(Vi)/{3p+2)(^' P'^) ^ ^(Vi)/(3p+2)(^. W^)- 

Theorem 11.31 for arbitrary p > 2 now follows at once from Proposition 13.21 and from 
Lemma [3T] {Hi). 

We now turn our attention to the case of currents of bidimension (1, 1). If Li, L2 are 
non- concurrent lines in P" and T = ([Li] + [L2])/2 then dim Span (i?2/5(T)) = 3, and 
Theorem 1 1 . 31 does not hold for p = 1. However, we have the following geometric property 
of the set E^^^{T) in this setting: 

Theorem 3.3. Let T be a positive closed current of bidimension (1, 1) on P" with 
||T|| = 1. // \E^^^(T)\ > 37 then there exists a curve C C P" 0/ degree at most 2 such 

that \E:^^^{T)\C\ < 1. 

Proof. We consider two mutually exclusive cases. 

Case 1: The set E^(T) is infinite for some 7 > 1/3. Then, by [11], E^(T) contains 
an irreducible curve X and T = T' + l[X], where T' is a positive closed current and 
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degX < 1/7 < 3. If degX = 2 then, by [5, Proposition 0], X is an irreducible 
plane conic. Moreover, ||T'|| = 1 - 27 < 1/3, so E+^{T) C X. If degX = 1 then 
II T' II = 1 - 7 < 2/3. It follows by [H Theorem 1.1] that |^i/3(T') \ L| < 1 for some line 
L. Since E+^{T) C X U Ei/^iT') we conclude that \E+^{T)\C\ < 1, where C = XUL. 

Case 2: The set E^{T) is finite for all 7 > 1/3. By [lOj, there is a positive closed 
current S of bidegree (1, 1) on P" such that ||S'|| = ||T|| = 1, and S has the same Lelong 
number as T at every point. Fix 7 G (1/3,2/5). By Demailly's regularization theorem 
applied to S (Main Theorem 1.1 in [3], where we can take m = since we work on P"), 
for any e > there is a positive closed current S^,^ of bidegree (1, 1) on P" with the 
following properties: 

(i) S^^^ is smooth on P" \ E^(T), hence 5"^^^ is smooth outside a finite set. 

(ii) \\S^^^\\ = 1 + e and i^{S^^^, x) = max{i/(T, x) — 7, 0} at each x G P". 

Let A = Ey^(T). Then z/(5'e,^,x) > 2/5 — 7 for x G A. Since S^^^ is smooth outside a 
finite set the measure Se,-y A T is well defined [4j. We estimate 1^41 as follows: 

l + e= / S,,,AT>y^u{S,^^,x)u{T,x)>l(l-j] \A\. 
Choosing e > very small and 7 > 1/3 very close to 1/3 we find that |v4| < 37. □ 



The argument in Case 2 of the proof of Theorem 13.31 can be used to prove a more 
general result. 

Theorem 3.4. Let (X, cj) he a compact Kdhler manifold of dimension n, and T he a 
positive closed current of hidimension {p,p) on X. For any c > 0, the set Ec{T) is 
contained in an analytic set of dimension < p whose volume and numher of irreducihle 
components are hounded ahove hy a constant K{\\T\\,c) depending only on \\T\\ and c. 

Proof. Recall that ||T|| = J^T Au^ and if Z is an analytic subvariety of X then vol Z = 
cj'^™^, where the sum is over all irreducible components V of Z. By Lelong's 
theorem, there is a positive number /iq such that any subvariety of X has volume at 
least /iQ. Therefore the number of irreducible components of Z is < {volZ)/fiQ. 

The proof is by induction on p. If p = then T is a measure and Ec{T) is a finite set 
whose cardinality is < ||T||/c. 

Assume that the theorem is true for p = p^. We need to prove it for p = po + 1- Let 
us define Ac/2,po+i(T) to be the union of all irreducible components of dimension po + I 
of the analytic set Ec/2(T). Set 

T' = T- J2 MT)[V], 

VcA,^2,po+iiT) 

where the sum is over all irreducible components V of Ac/2,po+i{T) and \v(T) is the 
generic Lelong number of T along V. By [11] T' is a positive closed current of bidimension 
(po+l,Po+l) and ||T'|| < ||T||. Moreover the set Ec/2(T') has dimension at most po, since 
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Ec/2(T') C Ec/2(T) and T' does not charge any irreducible component V of Ac/2,po+i{T) . 
Since Av(T) > c/2, we have that 

volA,/2,po+im = || E mil <2||T||/c. 

By [T2I Theorem 3.1] there is a positive closed current R of bidegree (1, 1) on X which 
has the same Lelong number as T' at every point and such that < Ci||T'||, where 
Ci > is a constant depending only on X and u. By Demailly's regularization theorem 
applied to R (Main Theorem 1.1 in [3J), there is a positive closed current R' of bidegree 
(1,1) on X such that: < C2II-RII, where C2 is a constant depending only on X 

and u, R' is smooth on X \ Ec/2{T'), and i'{R',x) = max{z/(T',x) — c/2,0} for every 
X E X. Since dim Ec/2iT') < po, Ti = R' A T' is a well defined positive closed current of 
bidimension (po,Po) by g]. Moreover, ||Ti|| < CsHT'H < C\\Tf, where C = C1C2C3 
and C3 is a constant depending only on X and u. By Demailly's comparison theorem 
for Lelong numbers [4j we have for x G Ec{T) \ Ac/2,po+i(T) , 

z/(Ti,x) > u{R' , x)u{T' , x) > cV2. 

Therefore, if W is the union of all the irreducible components of Ec{T) that are not 
contained in Ac/2,po+i(T) , then W C Ec2/2(Ti). The induction assumption implies 
that Ec2/2{Ti) is contained in an analytic subset of dimension < po whose volume is 
< i^(C||T||^, c^/2). Thus the proof for the case p = po + 1 is complete. □ 

We note that it is not true that the number of irreducible components of the set Ec{T) 
itself is bounded by a constant depending only on ||T|| and c, as the following simple 
example shows. Let L^, < j < /c + 1, be lines in P" so that Lq n Lj = {zj}, j > 1, and 
no three of them pass through the same point. Let 

/I 1 \ 1 ''^^ 

\ / j = l 

Then ||T|| = 1 and Ei/2(T,P'^) = {zi, Zk+i}, provided that k>3. 

4. Positive closed currents on x P" 

We prove here certain geometric properties of the upper level sets of Lelong numbers 
of positive closed currents of bidimension (1, 1) on a multiprojective space 

X = P" X P" = P™ X P^ . 

Let TCz : X — > P™, vr^u : X — > P^, denote the canonical projections and 

z = [zo : . . . : Zm], w = [wq : . . . : Wn] , 

denote the homogeneous coordinates on P™, respectively on P". Set 

it it 
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where Um and Un are the Fubini-Study forms on P™, respectively P". The Dolbeault 
cohomology group ff™-+"-i.™+"-i(x, M) is generated by the forms cj™ Ao;^"^ and uj^~^ A 
ul. Let 



Oafi = au^ A ' + K""' A a, 6 > , 



and let Ta,h denote the space of positive closed currents of bidimension (1,1) on X which 
lie in the cohomology class of daf,- 

Proposition 4.1. If T e Ta,b ihen E^^ ^y^{T,X) C 7r^^{x) for some a; G P™ or 



{a+b)/2 

El^^y^iT,X) C TT^Hy) for some y E P". 

Proof. We may assume that a + b = 1 and that for any x G P™' we have Ey^lT, X) ^ 
n^^{x). Then there exist points pi,p2 G E^^^(T,X) such that 712(^1) 7^ Trz{p2)- 

We claim that 7r^(pi) = 7iw{p2)- Indeed, suppose 'n'w{pi) ^ tTw{P2)- Composing with 
an automorphism of X we may assume that 

pi = ([1 : : . . . : 0], [1 : : . . . : 0]) , P2 = ([0 : . . . : : 1], [0 : . . . : : 1]) . 

Consider the function on C™'^^ x C"+\ 

{m n—1 m—1 n '\ 

(X] i^j'H (5Z i^'tH' ( 5Z i^iH (5Z i^'^n r • 
j=l k=0 j=0 k=l J 

The current ^dd^'logu determines a positive closed current S of bidegree (1,1) on X 
in the cohomology class of Uz + oj^ (see e.g. [3, [2]). Note that S has bounded local 
plurisubharmonic potentials on X \ {^1,^2} and //(S*, pi) = u{S,p2) = 1. Then 

a + b= [ TAS>TAS{{pi})+TAS{{p2})>iy{T,p,) + u{T,p2)>l, 
Jx 

a contradiction. 

Hence nw{pi) = tTw{p2) = y. We show that £'^2(^5^) '^w^iv)- If ^0^5 there 
exists p G E^^^iTjX) with 7ru;(p) 7^ y. Since vr2(pi) 7^ vr2(p2) we may assume that 
iTzip) 7^ T^ziPi)- Then we obtain a contradiction as above, working with the points p,pi 
instead of the points pi,p2- n 

Our next result is in analogy to that of Theorem 11.11 By vertical line in X we mean 
a line L C tt^^{x) = P" for some x G P™, while by horizontal line in X we mean a line 
L C vr;;;^(y) = P™ for some ?/ G P"". 

Proposition 4.2. Lei T G Ta,b and a = max{^ , ^}. Then E+{T,X) is contained 
in a vertical line in X or in a horizontal line in X. 

Proof. Since a > {a + b)/2 it follows by Proposition 14.11 that E^{T,X) C Ti~^{x) for 
some X G P"* or E^{T, X) C vr^^(y) for some y G P". Without loss of generality we may 
assume that E^{T,X) C ir^^ix), where x = [1 : : . . . : 0] G P"". We will show that 
E^{T,X) is contained in a line in 7r~"'^(x) = P". 

Suppose for a contradiction that there exist non-collinear points y^,y'^,y^ G P" such 
that pj := {x,y^) G E^{T,X). We can find homogeneous quadratic polynomials 
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Pi, . . . , P„ on C"+i such that the set {Pi = 0} n . . . n {P„ = 0} C P" is finite and 
it contains the points y^^y^^if'. Moreover, the 2c(;„-plurisubharmonic function on P" de- 
termined by I log (^^=1 |PfcP) has Lelong number 1 at each Consider the function 

on C'"+^ X C"+\ 

{m n m n 

j=0 k=\ j=l k=0 ) 

The current | dd'^logu determines a positive closed current 5* of bidegree (1, 1) on X 
in the cohomology class of + luju, (see e.g. [HI [2])- Note that 5* has bounded local 
plurisubharmonic potentials on the complement of a finite subset of X and v{S^pj) = 1. 
Then 

» 3 3 

2a + b= / T A^ > ^TA^({j9j}) > ^z/(T,p,) > 3a, 
•^^ i=i i=i 

a contradiction. This completes the proof. □ 

We end this section with some examples showing that Propositions 14.11 and 14.21 are 
sharp. Consider distinct points Xi,X2 G P™, yi,y2 € P", and let pjk = {xj,yk) G X. For 
j = 1,2, denote by Vj C 7r~^(a;j) the vertical line determined by the points pji,pj2, and 
by Hj C 7r~^(?/j) the horizontal line determined by the points pij,p2j. Let a,b > and 
Ti,T2 G Tafi be the currents 

Ti = ^ m] + m) + b[H,] , T2 = a[V,] + \ {\H,\ + [i/^]) ■ 

Then 

(Ti,X)cifiC7r-i(yi), 
{pii,Pi2} C E(+^,)/2(^2,X) C \/i C 7r;i(a;i) . 

Hence the set E^^^^^-^i^iT^ X) can be contained in a vertical fiber or in a horizontal fiber, 
regardless of how a compares to b. Assume next that a > b and let 

^3 = ^ [Vl] + ^ [1^2] + b[H,] , so Vi U {P2l} C E^a+b)/2{T3, X) . 

Hence E^a+b)/2{T3, X) ^ 7r-i(a;) for any x e P'", E(,+b)/2(T3, X) ^ 7r^i(y) for any y G P", 
and Proposition 14. II is sharp. 

The next example shows the sharpness of Proposition 14. 2 [ Assume a > 6, let x G P™, 
let yi,y2,y3 G P" be non-collinear points, and set pj = {x,yj). Denote by Vjk C vr~^(a;) 
the vertical line determined by the points Pj,Pk, and by Hj G TT~^{yj) a horizontal line 
containing pj . Then 

{[Vu] + [V23] + [V^13]) + ^ im + [H2] + [i/3]) G ra,fe 

has u{Ti,pj) = (2a + 6)/3 = a, where a is as in Proposition 14.21 Thus Ea(T4^,X) is not 
contained in a vertical line or in a horizontal line in X. 
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